Abstract. We investigate the rigidity of the ℓ p analog of Roe-type algebras. In particular, we show that if p ∈ [1, ∞)\{2}, then an isometric isomorphism between the ℓ p uniform Roe algebras of two metric spaces with bounded geometry yields a bijective coarse equivalence between the underlying metric spaces, while a stable isometric isomorphism yields a coarse equivalence. We also obtain similar results for other ℓ p Roe-type algebras. In this paper, we do not assume that the metric spaces have Yu's property A or finite decomposition complexity.
Introduction
Roe-type algebras are C * -algebras associated to discrete metric spaces and they encode the coarse (or large-scale) geometry of the underlying metric spaces, and they have been well-studied, providing a link between coarse geometry of metric spaces and operator algebra theory (e.g., [2, 13, 15, 17, 20, 21, 23, 30, 31, 32, 36, 40] ). They feature in the (uniform) coarse BaumConnes conjecture (e.g., [32, 33, 41, 42, 43] ), and have also recently been found to be useful in the study of topological phases of matter (e.g., [18, 11] ). A natural question that arises is about the rigidity of these algebras, namely how well the C * -algebra encodes the coarse geometry of the metric space, or whether the coarse geometry of a metric space can be recovered from its Roe algebra, and this was well studied in [34, 37] .
We will consider metric spaces with bounded geometry defined as follows: Definition 1.1. Let X be a metric space. Then X is said to have bounded geometry if for all R ≥ 0 there exists N R ∈ N such that for all x ∈ X, the ball of radius R about x has at most N R elements.
Note that every metric space with bounded geometry is necessarily countable and discrete. The simplest examples of such metric spaces are finitely generated discrete groups equipped with word metrics. Other interesting examples are box spaces of finitely generated residually finite groups (see e.g. In this case, we say both f and g are coarse equivalences between X and Y .
• We say a map f : X → Y is a bijective coarse equivalence if f is both a coarse equivalence and a bijection. In this case, we say X and Y are bijectively coarsely equivalent.
It was shown in [4, Theorem 4] that if X and Y are coarsely equivalent metric spaces with bounded geometry, then their uniform Roe C * -algebras are Morita equivalent 1 . A partial converse was obtained in [34] under the assumption that the metric spaces have Yu's property A (see [43, Definition 2.1]), which can be regarded as a coarse variant of amenability. In fact, it was shown in [34] that under the assumption of property A, * -isomorphisms between Roe-type C * -algebras yield coarse equivalences: In this paper, we will study the rigidity problem for the ℓ p analog of uniform Roe algebras and other Roe-type algebras for 1 ≤ p < ∞.
Definition 1.6. Let (X, d) be a metric space with bounded geometry and
we define the propagation of T to be
We denote by C p u [X] the unital algebra of all bounded operators on ℓ p (X) with finite propagation. The ℓ p uniform Roe algebra, denoted by B p u (X), is defined to be the operator norm closure of
The ℓ p uniform Roe algebra belongs to a class of algebras that we may call ℓ p Roe-type algebras (see Definition 3.6). Such algebras were considered in [35] in connection with criteria for Fredholmness. Other examples of ℓ p Roe-type algebras that may be of particular interest are the following:
(1) The ℓ p uniform algebra of X, denoted U B p (X), is the operator norm closure of the algebra U C p [X] of all finite propagation bounded operators T on ℓ p (X, ℓ p ) such that there exists N ∈ N such that for all x, y ∈ X, we have that T xy is an operator on ℓ p of rank at most N . (2) The ℓ p Roe algebra of X, denoted B p (X), is the operator norm closure of the algebra C p [X] of all finite propagation bounded operators T on ℓ p (X, ℓ p ) such that for all x, y ∈ X, we have T xy ∈ M Another related example that is not quite a Roe-type algebra but exhibits similar behavior is the stable ℓ p uniform Roe algebra of X, denoted B p s (X), and is the operator norm closure of the algebra C p s [X] of all finite propagation bounded operators T on ℓ p (X, ℓ p ) such that there exists a finite-dimensional subspace E T ⊂ ℓ p such that for all x, y ∈ X, we have T xy ∈ B(E T ). One can easily check that it is isomorphic to B p u (X) ⊗ K(ℓ p (N)) for p ∈ [1, ∞). We can also give an alternative definition of the stable ℓ p uniform Roe algebra by requiring the existence of some k ∈ N such that T xy ∈ M k (C) for all x, y ∈ X. This algebra will then be isomorphic to
, and is different from the algebra defined above only when p = 1.
It may be worth noting that ℓ 1 Roe-type algebras are structurally different from ℓ p Roe-type algebras for p ∈ (1, ∞) in that ℓ 1 Roe-type algebras may not contain some finite rank operators while ℓ p Roe-type algebras contain all finite rank operators when p ∈ (1, ∞). An example is given in Remark 2.2 for the ℓ 1 uniform Roe algebra.
The following is a summary of the main results of this paper: Note that we actually do not need to assume property A or finite decomposition complexity in the theorem as long as we exclude the case p = 2. Isometric isomorphisms between ℓ p uniform Roe algebras are spatially implemented by invertible isometries between the underlying ℓ p spaces (see Lemma 2.1). Moreover, we have Lamperti's theorem from [19] that describes such invertible isometries when p ∈ [1, ∞) \ {2}. In particular, Lamperti's theorem provides a bijective map between the underlying metric spaces, and this map turns out to be a coarse equivalence. Another consequence of Lamperti's theorem is that such isometric isomorphisms map matrix units to matrix units up to multiplying by a scalar with absolute value one, which makes the arguments in the p = 2 case slightly simpler than in the p = 2 case (e.g. in the proofs of Lemma 2.5 and Lemma 3.3). The same is true for isometric isomorphisms between general ℓ p Roe-type algebras, except that Lamperti's theorem may provide a bijective map between X × N and Y × N, from which one can obtain a coarse equivalence between X and Y . In the C * -algebraic setting as in [34, 37] , Lamperti's theorem is inapplicable, and property A and finite decomposition complexity played an essential role in producing a (bijective) coarse equivalence between the metric spaces.
Let us briefly describe how this paper is organized. In section 2, we consider isometric isomorphisms between ℓ p uniform Roe algebras, while in section 3, we consider stable isometric isomorphisms between ℓ p uniform Roe algebras and isometric isomorphisms between other ℓ p Roe-type algebras. In fact, the arguments in section 3 are very similar to those in section 2, and require just a little more work, mainly because Lamperti's theorem gives us a map from X × N to Y × N in that case instead of a map from X to Y .
Isometrically isomorphic ℓ p uniform Roe algebras
In this section, we consider isometric isomorphisms between ℓ p uniform Roe algebras associated to metric spaces with bounded geometry, and show that when p ∈ [1, ∞)\{2}, these isometric isomorphisms give rise to bijective coarse equivalences between the underlying metric spaces.
We begin by noting that any isometric isomorphism between ℓ p uniform Roe algebras must be spatially implemented by an invertible isometry.
Lemma 2.1. Let X and Y be metric spaces with bounded geometry, and let
is an algebra isomorphism between ℓ p uniform Roe algebras, then there exists a bounded linear bijection U :
Moreover, if φ is also isometric, then U is an invertible isometry.
Proof. Fix x 0 ∈ X, and consider the rank one idempotent operator δ x 0 ⊗ δ x 0 ∈ ℓ p (X) ⊗ ℓ p (X) * . Note that this operator has propagation zero so it belongs to B p u (X). Now φ(δ x 0 ⊗ δ x 0 ) is also a rank one idempotent operator, so φ(δ x 0 ⊗ δ x 0 ) = f ⊗ σ for some unit vector f ∈ ℓ p (Y ) and σ ∈ ℓ p (Y ) * with σ(f ) = 1. If φ is isometric, then we also have ||σ|| = 1.
Since T is bounded, it follows that δ y • U is bounded. Now suppose that
On the other hand, A key ingredient for us is Lamperti's theorem in [19] , which we state in the following form.
Proposition 2.3. Let X and Y be metric spaces with bounded geometry, and let
p ∈ [1, ∞) \ {2}. If U : ℓ p (X) → ℓ p (Y ) is
an invertible isometry, then there exists a function h : Y → T and an invertible function
Note that for x ∈ X and y ∈ Y , we have
, and e x 1 ,x 2 is a matrix unit, then 
, and similarly for U * .
The next lemma shows that the function g in Proposition 2.3, as well as g −1 , is a bijective coarse equivalence.
Lemma 2.5. Let g be as in Proposition 2.3. For all
Proof. We prove only the first statement as the same argument holds with the roles of X and Y reversed and with g −1 instead of g.
Assume for contradiction that it is false. Then there exists R ≥ 0 and se-
converges strongly to an operator in B p u (Y ). But this contradicts the as- 
Proof. Let f : X → Y be a bijective coarse equivalence, and consider the invertible isometry U :
Reversing the roles of X and Y , one sees that the homomorphism given by
, and is the inverse of φ.
is an isometric isomorphism. Moreover, the definition of φ shows that it maps ℓ ∞ (X) onto ℓ ∞ (Y ). Recall from [37, Definition 1.11] that a bounded geometry metric space X is bijectively rigid if whenever there is a coarse equivalence f : X → Y to another bounded geometry metric space Y , then there is a bijective coarse equivalence f ′ : X → Y . It can be deduced from the proof of [38, Theorem 1.1] that every uniformly discrete, non-amenable bounded geometry metric space is bijectively rigid. It is elementary to see that Z is also bijectively rigid. On the other hand, locally finite groups and certain lamplighter groups are not (see [20] and [10] 
For general metric spaces with bounded geometry, coarse equivalence only corresponds to stable isometric isomorphism of their ℓ p uniform Roe algebras, as we shall see in the next section. 
Remark 2.8. We make a few remarks about the p = 2 case. (1) The proof of [4, Theorem 4] or [20, Proposition 2.3] shows that a bijective coarse equivalence between X and Y yields a * -isomorphism φ between the uniform Roe
C * -algebras C * u (X) and C * u (Y ) such that φ(ℓ ∞ (X)) = ℓ ∞ (Y ).(
Stably isometrically isomorphic ℓ p uniform Roe algebras
In this section, we consider stable isometric isomorphisms between ℓ p uniform Roe algebras associated to metric spaces with bounded geometry, and show that when p ∈ [1, ∞) \ {2}, these stable isometric isomorphisms give rise to (not necessarily bijective) coarse equivalences between the underlying metric spaces. We also consider general ℓ p Roe-type algebras. The ingredients are essentially the same as in the previous section.
We will need to consider tensor products of L p operator algebras so we begin by making this notion precise. Details can be found in [9, Chapter 7] and [25, Theorem 2.16].
For p ∈ [1, ∞), there is a tensor product of L p spaces with σ-finite measures such that we have a canonical isometric isomorphism
, the element ξ ⊗η with the function (x, y) → ξ(x)η(y) on X ×Y . Moreover, we have the following properties:
• Under the identification above, the linear span of all
• The tensor product is commutative and associative.
•
such that under the identification above, c(ξ ν 1 ). We will denote this operator by a ⊗ b. Moreover, ||a ⊗ b|| = ||a||||b||.
• The tensor product of operators is associative, bilinear, and satisfies We will write K(ℓ 1 (N) ). We will regard elements of B p u (X)⊗M p ∞ as bounded operators on ℓ p (X × N).
The following lemma is analogous to Lemma 2.1, and is proved in the same way with the obvious modifications.
Lemma 3.1. Let X and Y be metric spaces with bounded geometry, and let
p ∈ [1, ∞). If φ : B p u (X) ⊗ M p ∞ → B p u (Y ) ⊗ M p ∞ is an algebra isomorphism, then there exists a bounded linear bijection U : ℓ p (X × N) → ℓ p (Y × N) such that φ(T ) = U T U −1 for all T ∈ B p u (X) ⊗ M p ∞ . In particular, φ is continuous.
Moreover, if φ is also isometric, then U is an invertible isometry.
We now use Lamperti's theorem in the following form.
Proposition 3.2. Let X and Y be metric spaces with bounded geometry, and let
Note that for x ∈ X, y ∈ Y , and n, m ∈ N, we have
The next lemma shows that f and f ′ are uniformly expansive, and will also be used in the proof of Theorem 3.4 to show that f • f ′ and f ′ • f are close to the identity. The proof is essentially the same as that of Lemma 2.5 and is modeled after [34, Lemma 4.5].
Lemma 3.3. Let g be as in Proposition 3.2. For all
The same properties hold with the roles of X and Y reversed, and with U replaced by U −1 .
i.e., f and f ′ are uniformly expansive.
Proof. Assume for contradiction that it is false. Then there exist sequences
and d(y k , y ′ k ) → ∞ as k → ∞. Now at least one of the sequences (y k ) or (y ′ k ) must have a subsequence tending to infinity in Y so without loss of generality, we assume that (y k ) itself tends to infinity in Y . It follows that the sequence (δ y k ,m k ) of unit vectors in ℓ p (Y ×N) tends weakly to zero. Thus the sequence (δ x k ,n k ) must eventually leave any norm-compact subset of ℓ p (X × N), and (x k ) must tend to infinity in X. Passing to another subsequence, we may Statements (1) and (2) follow from the observation that
The implication ( 
The proof we present here is essentially the same as the proof of [4, Theorem 4] .
We first assume that there is a surjective coarse equivalence f : X → Y . Since f is a coarse equivalence, there exists R > 0 such that for each y ∈ Y , the preimage f −1 (y) lies in some R-ball in X. Then since X has bounded geometry, there exists N such that the cardinality of f −1 (y) is at most N for each y ∈ Y . Define N (y) to be the cardinality of f −1 (y). For each y ∈ Y , enumerating the points of f −1 (y) gives a bijection between f −1 (y) and {1, . . . , N (y)} ⊆ {1, . . . , N }. We therefore obtain an identification of X with a subset of Y × {1, . . . , N }. Let π denote the corresponding projection from X to {1, . . . , N }, so that the identification is given by x → (f (x), π(x) ).
Since for each y ∈ Y there is exactly one x ∈ X satisfying f (x) = y and π(x) = i for i = 1, . . . , N (y), the map φ is a bijection, which gives rise to an invertible isometry from ℓ p (X × N) to ℓ p (Y × N), and thus an isometric
, and hence Φ restricts to an isometric isomorphism between
∞ consisting of sums of elementary tensors of the form T ⊗ e j,j ′ , where T is a finite propagation operator on ℓ p (X) and e j,j ′ is a matrix unit. It suffices to show that such elementary tensors are mapped by Φ into
We can write T as
where P n,i denotes the projection of ℓ p (X) onto ℓ p (X n,i ). Note that for each i, the restriction of f to X i = n≥i X n,i is injective, and let 
Since f is a coarse equivalence, the operator V i SV † i ′ has finite propagation, and hence
∞ is done in a similar manner, and we omit the details, referring the reader to the proof of [4, Theorem 4] .
Finally, to remove the assumption that the coarse equivalence is surjective, observe that given any coarse equivalence f : X → Y , there are surjective coarse equivalences from both X and Y to the image f (X). Hence we have isometric isomorphisms
From the definition of Φ, one sees that this isometric isomorphism maps For each y ∈ Y we have
for some n, m ∈ N so Lemma 3.3 implies the existence of S ≥ 0 (independently of y) such that d(f (f ′ (y)), y) ≤ S, i.e., f • f ′ is close to the identity. Similarly, for each x ∈ X we have 
For finitely generated groups, we may replace coarse equivalence by quasiisometry in Theorem 3.4. Moreover, if Γ and Λ are non-amenable finitely generated groups, then Corollary 2.7 applies, so if they are quasi-isometric, then we get isometric isomorphisms between their ℓ p uniform Roe algebras instead of just stable isometric isomorphisms. (1) Γ and Λ are quasi-isometric. (2) For every p ∈ [1, ∞), there is an isometric isomorphism
Indeed, if X and Y are coarsely equivalent, then the isometric isomorphism Φ :
On the other hand, note that all operators of the form ξ ⊗ δ x 0 ,n 0 , where ξ ∈ ℓ p (X, ℓ p (S)), x 0 ∈ X, and n 0 ∈ S, are contained in any ℓ p Roe- Finally, let us return to the case p = 2. We will denote the ℓ 2 uniform Roe algebra of a metric space X by C * u (X) as in the literature. Let (X, d) be a (discrete) metric space with bounded geometry. For every R > 0, we consider the R-neighbourhood of the diagonal in X × X: ∆ R := {(x, y) ∈ X × X : d(x, y) ≤ R}. Define
G(X) :=

R>0
∆ R ⊆ β(X × X).
It turns out that the domain, range, inversion and multiplication maps on the pair groupoid X × X have unique continuous extensions to G(X). With respect to these extensions, G(X) becomes a principal, étale, locally compact σ-compact Hausdorff topological groupoid with the unit space βX (see [32, Proposition 3.2] or [29, Theorem 10.20] ). Since G(X) (0) = βX is totally disconnected, G(X) is also ample (see [12, Proposition 4.1] ). Moreover, the uniform Roe algebra C * u (X) of X is naturally isomorphic to the reduced groupoid C * -algebra of G(X), which maps ℓ ∞ (X) onto C(G(X) (0) ) (see [ 
